We study the topological phase diagram of a setup composed of two nanowires with strong Rashba spin-orbit interaction subjected to an external magnetic field and brought into the proximity to a bulk s-wave superconductor in the presence of a supercurrent flowing through it. The supercurrent reduces the critical values of the Zeeman energy and crossed Andreev superconducting pairing required to reach the topological phase characterized by the presence of one Majorana bound state localized at each system end. We demonstrate that, even in the regime of the crossed Andreev pairing being smaller than the direct proximity pairing, a relatively weak magnetic field drives the system into the topological phase due to the presence of the supercurrent.
I. INTRODUCTION
The idea of realizing topological phases of matter such as Majorana bound states (MBSs) in condensed matter setups has been attracting substantial attention in recent years. Zero-energy MBSs occur in topological superconductors and obey non-Abelian statistics, which makes them potential building blocks for a topological quantum computer [1] [2] [3] . This can be achieved, for example, by coupling them to quantum dots to provide missing quantum gates [4] [5] [6] . One of the most well-studied platforms for realizing MBSs is based on the proposal of semiconducting nanowires (NWs) with strong spin-orbit interaction (SOI) proximitized with an s-wave superconductor and subjected to an external magnetic field [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Zerobias conductance peaks consistent with the predicted signatures of the MBSs were observed in such setups experimentally [19] [20] [21] [22] [23] . However, such zero-bias conductance peaks can also arise due to, for example, the presence of Andreev bound states [24] [25] [26] [27] [28] [29] [30] [31] [32] , which motivates the search for alternative systems such as, for example, atomic chains [33] [34] [35] [36] [37] [38] [39] [40] [41] .
One of the main challenges in realizing MBSs in 1D NWs is the need to apply relatively strong magnetic fields in order to enter the topological phase. First, magnetic fields have detrimental effects on the bulk superconductor needed to proximitize the NWs. Second, if the coupling between a NW and a bulk superconductor is strong, an initially large g-factor in the NW is strongly suppressed [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Moreover, the orbital effects due to the applied magnetic field [53] [54] [55] , usually neglected, also start to play a role, making it more difficult to achieve the topological phase. To mitigate these conflicting requirements on the magnetic field, alternative setups based on two semiconducting NWs [56] [57] [58] [59] [60] , as shown in Fig. 1 , have been proposed to realize Kramers pairs of MBSs [61] [62] [63] [64] [65] [66] [67] [68] [69] in the absence of magnetic fields. In such a double-NW setup, there are two types of proximity effects induced by the bulk superconductor: the direct pairing with the amplitude ∆ and the crossed Andreev pairing with the amplitude ∆ c [70] [71] [72] [73] [74] [75] [76] . Only if ∆ c > ∆, the system hosts a Kramers pair of MBSs appearing at each system end. However, to achieve such a regime, strong electron-electron interactions are required [58] . We note that crossed Andreev pairing also lies the foundations for Cooper pair splitters [71] , which recently implemented experimentally in double-NW setups [77] , opening a path for studying topological properties of such systems. Moreover, the presence of crossed Andreev pairing, even if it is still weaker than the direct pairing, can help to reduce the critical magnetic field needed to enter the topological phase [78] . Similarly, a supercurrent flowing through the bulk superconductor was proposed as a means allowing smaller magnetic field values in the single NW setup [79] [80] [81] [82] or in an array of magnetic adatoms deposited on the surface of a bulk s-wave superconductor [83, 84] .
In this work, we consider a double-NW setup consisting of two parallel NWs with Rashba SOI in proximity to a bulk s-wave superconductor, see Fig. 1 . The magnetic field is applied parallel to the NWs and perpendicular to the SOI vectors. A supercurrent is induced in the bulk superconductor that gives rise to a spatial gradient of the phase of the direct as well as of the crossed Andreev pairing gap. This phase gradient breaks timereversal symmetry in the system even at zero magnetic field. Thus, our setup cannot host Kramers pairs of MBSs anymore. In general, we find that the supercurrent flow-FIG. 1. Schematics of the double-NW setup consisting of two semiconducting Rashba NWs (blue strips), aligned along x-axis, placed in proximity to a bulk s-wave superconductor (green strip). The two NWs are labeled by the index τ = 1 (1) corresponding to the upper (lower) NW. An external magnetic field B is applied along the x-axis and the SOI vectors ατ point along the z-axis in both NWs. The supercurrent Is along x-axis is generated in the bulk s-wave superconductor, which causes a spatial gradient in the phases of the proximityinduced direct and crossed Andreev pairing amplitudes.
ing in the bulk superconductor lowers the critical values of the Zeeman energy and crossed Andreev pairing for realizing the topological phase with one MBS at each end of the double-NW setup. Moreover, in the presence of the supercurrent the one-MBS phase can be entered at very low values of the magnetic field even in the regimes where the crossed Andreev pairing amplitude is smaller than the direct one.
The paper is organized as follows. In Sec. II, we present a model of our setup consisting of two parallel NWs with Rashba SOI in proximity to a bulk superconductor. We study the effect of the supercurrent on the topological phase diagram in Sec. III A. We take into account the finite interwire tunneling and demonstrate that it can be compensated by the appropriate tuning of the chemical potential in Sec. III B. The effect of a finite chemical potential on the topological phase diagram is discussed in Sec. III C. We summarize our results in Sec. IV.
II. MODEL FOR DOUBLE NW
We consider a double-NW system consisting of two parallel semiconducting Rashba NWs labeled by the index τ = 1 (upper NW) and τ =1 (lower NW), see Fig. 1 . The NWs, aligned along the x-axis, are proximity coupled to the same bulk s-wave superconductor. Both NWs are subjected to an external magnetic field B that is applied along the axis of the NWs. The Rashba SOI vector α τ points along the z-axis. In an effective onedimensional continuum model, this double-NW setup is described by the Hamiltonian [57, 78] 
where the individual terms correspond to the kinetic energy, the SOI, the Zeeman energy, the direct and crossed Andreev pairing, and the interwire tunneling, respectively. Below, we describe each of these terms in detail. The kinetic energy is given by
where ψ τ σ (x) is the annihilation operator acting on an electron of band mass m and spin projection σ = ±1 along the z-axis located at position x in the τ -NW. Here, µ τ is the chemical potential of the τ -NW. The SOI term is given by
with α τ being the SOI strength in the τ -NW and σ x,y,z being the Pauli matrices acting on spin space. The energy spectrum for different spin components is split by the SOI, giving rise to two spin-polarized bands E τ σ = 2 (k − σ k so,τ ) 2 /2m, with the SOI wavevector k so,τ = mα τ / 2 . The chemical potential µ τ is tuned close to the crossing point of the two spin-polarized bands at zero momentum [85] , i.e. to the spin-orbit energy E so,τ = 2 k 2 so,τ /2m. The third term in the Hamiltonian is the Zeeman term,
where ∆ Zτ = g τ µ B B/2 is the Zeeman energy, with g τ the g-factor of the τ -NW and µ B the Bohr magneton. In the double-NW, as discussed previously [57, 58, 78, 87] , we have two types of proximityinduced superconductivity giving rise to direct [∆ τ (x)] and crossed Andreev [∆ c (x)] pairing amplitudes. The direct (intrawire) pairing term H d finds its origin in tunneling of both electrons of a Cooper pair into one of the two NWs, and it is given by
τ,σ,σ dx ∆ τ (x)ψ τ σ (x) (iσ y ) σσ ψ τ σ (x) + H.c. .
If the two electrons of a Cooper pair get split and tunnel into two different NWs, the crossed Andreev pairing (interwire) term is generated and given by
dx ∆ c (x)ψ τ σ (x) (iσ y ) σσ ψτ σ (x) + H.c. .
In the presence of a supercurrent I s flowing along the x-axis in the bulk s-wave superconductor (see Fig. 1 ) both the direct and crossed Andreev pairing amplitudes acquire a position-dependent phase ϕ(x) [79] ,
∆ c (x) = ∆ c e −iϕ(x) ,
where ϕ(x) is the same for all pairing amplitudes. In the following, we work with a uniform supercurrent such that the phase ϕ(x) changes linearly as a function of position x and has a form ϕ(x) = x/ξ, where ξ is a characteristic lengthscale. We assume that the supercurrent (I s ∝ 1/ξ) stays always smaller than the critical current (I c ∝ 1/ξ sc ) in the bulk s-wave superconductor characterized by the coherence length ξ sc ξ [79] . Finally, we also consider the interwire tunneling, which has the following form
In the absence of a supercurrent and at zero magnetic field, the Hamiltonian H is time-reversal symmetric, T † H (k)T = H (−k), where T = −iσ y K and K is the complex conjugation operator. The finite phase gradient ∂ x ϕ(x) breaks time-reversal symmetry in such a way that, in contrast to Ref. [78, 87] , the effective time-reversal symmetry operator cannot be defined. The Hamiltonian H still obeys particle-hole symmetry, P † H (k)P = −H (−k), where P = η x is the particle-hole operator. As a result, H can be classified to belong to the topological symmetry class D characterized by a Z 2 topological invariant [88] .
III. TOPOLOGICAL PHASE DIAGRAM
In this section, we study the topological properties of the double NW in the presence of a supercurrent and crossed Andreev pairing. We demonstrate that, depending on the values of the parameters, the system can be (1) in a gapped trivial phase hosting no bound states (BSs) or hosting one fermion bound state (FBS), (2) in a gapless phase, and (3) in a gapped topological phases hosting one or two MBSs at each end of the setup. The number of MBSs, being a topological invariant, cannot change without closing of the bulk gap of the double-NW system, therefore, the topological phase transition is associated with closing and reopening of the gaps in the energy spectrum. Thus, potential boundaries between different gapped phases can be identified by the bulk gap closing at zero momentum. However, one needs to check explicitly if the system is still gapped for a given set of parameters. The transition to the gapless phase occurs due to the bulk gap closing at finite momentum and can be found, in general, only numerically. Thus, in addition to our analytical calculations, we study the phases also numerically by diagonalizing the corresponding 'tight-binding' model [i.e. the discretized version of H in real space] with hopping amplitude t = 2 /2ma 2 = 25 meV, where m = 0.015m e is the effective mass, a = 10 nm the effective lattice constant, and N = 1000 number of sites. Our main focus is the topological phase with one MBS, which we aim to achieve at the lowest possible strengths of the crossed Andreev pairing amplitude ∆ c and the Zeeman energy ∆ Z . We note that the topological phase with two topologically protected MBSs occurs only in two special cases. First, in the absence of the supercurrent and magnetic field, the system is time-reversal invariant and hosts Kramers pair of MBSs, if the crossed Andreev pairing dominates over the direct one [57, 78] . Second, in the absence of any coupling between the two NWs, i.e. in the absence of crossed Andreev pairing and interwire tunneling, the two NWs can be treated independently. If both of the NWs are in a topological phase hosting one MBS each, together they host two MBSs [78] , which are protected from any hybridization due to their spatial separation. However, if in such a system one adds a weak coupling between the two NWs as caused by ∆ c or Γ, these two MBSs at the same end of the system hybridize into a single FBS. We also note that the gapless phase, characterized by zero-energy bulk modes at finite momentum, can emerge only in the presence of a phase gradient [79] or of strong magnetic fields suppressing the superconducting pairings. Obviously, there are no BSs in such a gapless regime and it can, thus, be considered as a trivial phase. The main goal of this work is to demonstrate that the topological phase characterized by the presence of one MBS at each end of the system can be achieved at much lower magnetic fields if one induces supercurrents in the s-wave bulk superconductor. To shed light on this effect, we first consider the simplest analytical model given by Eq. (11) , where the chemical potential is tuned to the crossing of the spin-polarized bands at k = 0 and, thus, we set µ τ = 0 in Eq. (11) . The case with µ τ = 0 will be discussed further below in following sections. Also, for the moment, we assume that there is no interwire tunneling, Γ = 0, as it was demonstrated before that any finite Γ can be compensated by tuning the chemical potential to a sweet-spot [78] . In the next section, we demonstrate that such a compensation can be achieved also for the present setup. We also focus first on the generic case α 1 = α1 and comment on the special case α 1 = α1 in the next subsection.
Analyzing Eq. (11), we find that the gap in the bulk spectrum of the double NW is closed at k = 0, if ∆ Z = ∆ Z,± , where∆ Z,± is a real non-negative solution of To begin, let us remind how the phase diagram looks like in the regime β 1 and in the absence of supercurrents [78] , δ = 0, see Fig. 2 . In this case, ∆ Z,± = |∆ ± ∆ c |. The system hosts one MBS at each system end, if∆ Z,− < ∆ Z <∆ Z,+ . Otherwise, the system is either in a trivial phase, hosting no BSs [if ∆ Z <∆ Z,− and ∆ c < ∆] or in a topological phase with two MBSs at each system end [if ∆ Z >∆ Z,+ or if ∆ Z <∆ Z,− for ∆ c > ∆]. However, this twoMBSs phase, occurring due to the presence of an effective time-reversal symmetry, is unstable against changes in the magnetic field and SOI vector directions, as well as against disorder [78] and can be referred to as a trivial phase. We also note that, for δ = 0 and ∆ Z = 0, the gap in the bulk spectrum can also close at a finite momen-
2 E 2 so,1 /∆ 2 , see Ref. [78] . Here, we have focused on the regime ∆ c ∆ * c (or β − 1 > ∼ ∆/2E so,1 ) and we comment later on the regime of equal SOI strengths in the two NWs, i.e. β ≈ 1.
Notably, in the absence of supercurrent, there is one point at each coordinate axis where all three phases come together. Such points are often referred to as bifurcation points in the phase diagram [15, 90] . The first point is ∆ c = ∆ and ∆ Z = 0 and the second one ∆ Z = ∆ and ∆ c = 0. These points describe a critical value of ∆ Z or ∆ c required to enter the topological phases in the absence of the other one. Further below, we demonstrate that these bifurcation points disappear, if one applies a finite supercurrent, see Fig. 2 . In particular, in the absence of magnetic field (crossed Andreev pairing), the bulk gap at k = 0 closes twice at ∆ c = ∆
First, we consider a set of parameters for which∆ Z,+ is always well-defined. Later, we show numerically that if it is not the case, which would correspond to large values of supercurrent, the system is in the gapless phase. At the same time,∆ Z,− is not defined for some range of crossed Andreev pairings, ∆ − c < ∆ c < ∆ + c . As a result, Eq. (12) implicitly determines the boundaries between different gapped topological phases, see Fig. 2 . The system is in the trivial phase without any BSs inside the gap for ∆ Z <∆ Z,− , provided that ∆ c < ∆ − c . The system is in the trivial phase with one FBS localized at each double-NW end if ∆ Z >∆ Z,+ or if ∆ Z <∆ Z,− , provided that ∆ c > ∆ + c . Finally, the system is in the topological phase with one MBS localized at each end of the system, if
Next, we focus on the parameter regime when ξ ξ sc . This allows us to introduce a small parameter, In the special case ∆ c = ∆, the gap in the bulk spectrum closes at the maximum value of the momentum, k g = 1/2ξ. As already follows from Eqs. (13)- (15), applying a supercurrent, we can reach the topological phase at smaller values of Zeeman energy and crossed Andreev pairing. Thus, it is beneficial to work with large values of supercurrent. However, one should note that if the supercurrent is too strong, δ > δ g , the system becomes gapless. To demonstrate this, we focus the topological phase diagram as a function of ∆ Z /∆ and δ/∆ for the fixed value of crossed Andreev pairing, see Fig. 4 . The phase boundaries between gapped phases in the presence of supercurrent are given by Eq. (12) provided that ∆ Z,± are well-defined. The system is in the trivial phase with no BSs, if ∆ Z <∆ Z,− , or in a one-FBS phase, if ∆ Z >∆ Z,+ . Finally, the system is in the topological phase hosting one MBS at each end if∆ Z,− < ∆ Z < ∆ Z,+ provided that δ < δ c or 0 < ∆ Z <∆ Z,+ provided that δ c ≤ δ < δ g . In the regime of weak supercurrent E so,1 δ/∆ 1, δ c can be approximated using Eq. (13) as δ c ≈ 4 (∆ − ∆ c ) 2 / (β + 1) 2 E so,1 . In the absence of magnetic fields, ∆ Z = 0, the spectrum is gapless for δ ≥ δ c . However, in this regime, already a very weak magnetic field drives the system into the topological phase with one MBS. Thus, supercurrents make it easier to generate MBSs. However, there is also a critical value δ g such that for δ > δ g , the system becomes gapless. The precise value δ g can be found only numerically, however, we can estimate it to be such that E so,1 δ g /∆ = O(1).
To conclude, we find that in the presence of a supercurrent in the system, the critical values of the Zeeman energy and crossed Andreev pairing amplitudes for entering the topological phase characterized by the presence of one MBS at each system end could be substantially reduced.
B. Effects of interwire tunneling
In this subsection, we take into account the finite interwire tunneling Γ, which was neglected so far, and study its effect on the topological phase diagram. We show that the effect of the interwire tunneling at small values of the Zeeman energy can be compensated by tuning the chemical potential to µ τ = Γ [78] .
First, we discuss the case of different SOI strengths in both NWs, β > ∼ 1 +∆/2E so,1 . The phase diagram for the case µ τ = Γ = 0 was described in detail in the previous subsection, see Fig. 2 . Here, we assume the chemical potentials in both NWs to be tuned to the interwire tunneling Γ such that µ 1 = µ1 = Γ. The gap at k = 0 in the bulk spectrum is closed, if ∆ Z =∆ Z,± , where∆ Z,± is a real non-negative solution of In contrast to that, as described in the Sec. III A for zero interwire tunneling, the gapless phase is not present in the same range of parameters, see Fig. 2 .
We also consider here the regime of identical NWs with equal SOI strengths, β = 1. First, we discuss the phase diagram in the absence of the interwire tunneling and zero chemical potential. As was shown in Refs. [78, 89] for δ = 0, the gap in the bulk energy spectrum closes at finite momentum for all values of Zeeman energies if ∆ c = ∆. For δ = 0, we find numerically that the energy spectrum is gapless for ∆
[and all values of magnetic field for a chosen set of parameters, see Fig. 5(b) ]. Therefore, the region of the gapless phase is substantially larger for β = 1 and it is better to work with setups that have sufficiently different values of SOI energy in the two NWs. Generically, the phase diagram remains almost the same as in the case β > 1 discussed in Sec. III A. The only exception is the trivial one-FBS phase region determined by the condition ∆ Z <∆ Z,− for ∆ c > ∆ + c , which transforms into the trivial phase hosting no BSs, if β = 1. In addition, as follows from Eqs. (14) and (15) , ∆ − Z = ∆ + Z such that the bifurcation point is still present in the phase diagram and, as a result, the one-MBS phase is absent when ∆ c = 0.
Next, we include the effect of the interwire tunneling on the topological phase diagram. We assume both the interwire tunneling Γ and the chemical potentials µ τ to be finite and equal, µ τ = Γ. Inserting β = 1 in Eq. (17), we find that the boundaries between different gapped phases are given by ∆ Z =∆ Z,± | β=1 , wherẽ
Comparing this result with Eq. (12) for the case β = 1, we
Thus, the phase boundary between a one-MBS and one-FBS phase is shifted to higher values of magnetic field. The bulk gap at k = 0 closes at∆ (13)- (15)], we find that∆
Again, we find numerically that there is a gapless phase appearing due to the gap closing at finite momentum in the bulk energy spectrum, see Fig. 5(b) . This gapless phase is present in both cases, namely, when interwire tunneling is zero or finite.
C. Phase diagram at finite values of chemical potential
So far, we have worked in the regime in which the chemical potentials µ τ in both NWs are tuned to the most optimal point (µ τ = 0 or µ τ = Γ). However, experimentally it could be quite challenging to control the position of µ τ precisely, so it is important to demonstrate that the topological phase is stable against deviations of the chemical potential from the optimal value. Thus, in this section, we explore two parameter spaces of the topological phase diagram: µ1-∆ Z and µ1-∆ c .
In the parameter space µ1-∆ Z , we show that the presence of supercurrent allows one to lower the values of the magnetic field required for entering the topological phase with one MBS also at finite chemical potential, see Fig. 6 . For zero chemical potential in the 1-NW, µ 1 = 0, and for zero interwire tunneling Γ (which, as shown above, can always be achieved effectively by tuning µ τ to Γ), the bulk gap closes at k = 0, if ∆ Z = ∆ Z,± , where ∆ Z,± are real non-negative solutions of
For well-defined values of ∆ Z,± , Eq. (22) implicitly gives the boundaries between different gapped phases, see Fig. 6 . The system is in the trivial phase without BSs, if ∆ Z < ∆ Z,− . If ∆ Z,− < ∆ Z < ∆ Z,+ the system is in the topological phase hosting one MBS at each end. If ∆ Z > ∆ Z,+ , the system hosts one FBS. Again, we note that, in the absence of the supercurrent, i.e. δ = 0, the trivial phase with one FBS turns into the topological phase with two MBSs at each end of the system due to the presence of an additional symmetry [78] . The minimal value of ∆ Z,− | δ=0 to enter the topological phase is achieved, as expected, for µ1 = 0. Since ∆ Z,− < ∆ Z,− | δ=0 , the phase gradient lowers the critical values of the Zeeman energy for entering the topological regime with one MBS. Moreover, ∆ Z,+ < ∆ Z,+ | δ=0 , resulting in the trivial one-FBS phase for smaller values of magnetic field. We note again that if the supercurrent is too strong, the gap in the bulk spectrum can close at finite values of the momentum, see Fig. 6 . As demonstrated previously in Figs. 2 and 4, one cannot reach the topological phase in the absence of magnetic fields ∆ Z , see Fig. 7 (a). However, with finite supercurrents, we can shift the topological transition into a region of relatively weak magnetic field. Next, we explore the phase diagram in the parameter space of µ1-∆ c . In the absence of supercurrent, δ = 0, and of magnetic field, ∆ Z = 0, the gap in the bulk spectrum closes at k = ± k t ,
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at the critical value of the crossed Andreev pairing ∆ c = ∆ c,t . In the strong SOI regime, E so,1 ∆, µ1, k t and ∆ c,t are given by 
For ∆ c < ∆ c,t the system is in the trivial phase. For ∆ c > ∆ c,t , the system is in the topological phase hosting two MBSs protected by time-reversal symmetry. For µ1 = 0, the topological phase transition takes place for ∆ c,t = ∆. However, for non-zero values of µ1, the topological phase transition to the two-MBSs phase is shifted to higher values of ∆ c,t [see Fig. 7(a) ]. In the presence of supercurrent, the bulk gap closes at smaller values of the crossed Andreev pairing, resulting in a lower threshold to leave the trivial phase compared to the case without supercurrent. However, the system, instead of entering the topological phase, remains gapless. As a result, the system develops a bulk gap only at high values of ∆ c > ∆ c,t , for which it enters a trivial phase hosting one FBS at each system end, see Fig. 7(a) .
To achieve the topological phase hosting one MBS, one needs to apply a magnetic field, see Fig. 7(b) . In the presence of supercurrent, similar to the previous sections, the threshold of the magnetic field and the crossed Andreev pairing to enter the topological phase can be lowered, see also Figs. 2, 4, and 6. However, generally, the system is gapless for a large range of parameters. For δ = 0, the gap in the bulk spectrum closes at zero momentum provided that ∆ c =∆ c,t , (∆ 2 Z − ∆ 2 ) + 4∆ 2 ∆ 2 Z , determining the boundaries between different gapped phases. Again, the gap closing at finite values of the momentum can be found only numerically. In the presence of magnetic fields, the effect of supercurrent is less damaging such that the gapless phase is not present at small values of µ1. Importantly, the threshold for the amplitude of the crossed Andreev pairing required for entering the one-MBS topological phase is decreased compared to the δ = 0 case, see Fig. 7(b) . Furthermore, the upper threshold in ∆ c to leave the topological one-MBS phase and to enter into the trivial one-FBS phase is increased, which results in an enlarged regime of topological phase. Thus, the presence of the supercurrent is again shown to be beneficial for realizing the one-MBS phase.
IV. CONCLUSIONS
We studied a double-NW setup consisting of two parallel NWs with Rashba SOI proximitized with a supercurrent-carrying bulk s-wave superconductor and subjected to a magnetic field. In the presence of the supercurrent, the direct ∆ and crossed Andreev ∆ c pairing amplitudes acquire a phase gradient, which serves as an additional parameter to tune the system into the topological phase. Importantly, the system enters the topological phase, characterized by the presence of one MBS at each system end, at lower values of the magnetic field compared to standard single-NW setup or double-NW setup without phase gradient. Thus, such supercurrents in combination with crossed Andreev pairing allows one to work at smaller magnetic fields, making the double-NW setup more attractive than a single-NW one.
